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Preliminaries
▶ We ask “what-if” questions in GE trade literature (economics).
▶ There are many similar tools to do this, e.g., Markusen (1984),
Rutherford (1995), Balistreri and Hillberry (2007), Deckle,
Eaton and Kortum (2008), Arkolakis, Costinot and
Rodríguez-Clare (2012), and the GTAP/other CGE models
largely expanded since 1990s’.
▶ If the model is getting larger and more complex, e.g., implicit
models, then some of the tools may be hard to solve.
▶ We review and compare different approaches, e.g., exact hat
algebra and MCP methods of counterfactual computation.
▶ We discuss an alternative computation method.
▶ We bridge exact hat algebra with MCP approach, then with
the new method.
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Root of the CGE (if we say there is any)
▶ Leontief graduated from Harvard and worked at the BLS.
▶ He tries to set up IO accounts for the US economy.
▶ He created a system that has all industries and private agents.
▶ After the project was commenced he started to realize that “in
addition to the table, he needed a model” for the
economy (Kohli, 2001; Mitra-Kahn, 2008).
▶ After WWII, BLS tasked to forecast steel demand.
▶ BLS took Leontief’s IO estimates of the 1939 US economy
and added demand and behavioral assumption.
▶ This model was one of the few models suggested that steel
demand would not fall despite of the war.
▶ This prediction turned out to be correct.
▶ Leontief =⇒ Chenery =⇒ Johansen =⇒ Australia =⇒ Hertel.
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Over the course of CGE history

Leontief’s U.S. Economy =⇒ Johansen’s Norway Economy
=⇒ Many CGE modelers’ world economy
What might have been “changed”:
▶ a bunch of theories =⇒ a bunch of computer codes
▶ richer input-output tables =⇒ more policy-oriented
▶ low computation capability =⇒ high computation capability
▶ “few” CGE models =⇒ “many” CGE models
▶ One school =⇒ “many” schools
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Schools of Contemporary CGE
There are several classes or schools of CGE models:
▶ Australian School =⇒ GTAP School
▶ Colorado School
▶ Yale School (Cowles Foundation)
Today, everyone is doing similar things, but they don’t know each
other very well.
▶ Australian School =⇒ Computation + Analytical GE
▶ Colorado School =⇒ Mixed Complementarity Problem
▶ Yale School =⇒ Exact Hat Algebra (“精确帽子代数”)

The thoughts discussed today are just the tip of the iceberg...
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Exact Hat Algebra
方法一
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A Simple CES Model 常替代弹性模型
▶ We choose the CES utility function:
Uj =

n
hX

1

σ−1

βiσ Tij σ

i

σ
σ−1

(1)

i

▶ β ′ s 可理解为需求偏好分布参数
▶ Trade share of i’s goods in j is given by:
 p 1−σ
Xij
ij
= βi
πij ≡
Yj
Pj

(2)

▶ CES price index (unit expenditure function):
Pj =

n
hX

βi pij1−σ

i

1
1−σ

(3)

i
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Ask a “what-if” question
▶ We consider a counterfactual “what-if” scenario: policy
instrument affecting trade costs: τ ≡ [τij ] −→ τ ′ ≡ [τij′ ]
▶ For any generic variable V in the baseline equilibrium, V ′ is
the value in the new equilibrium, and Vb = V ′ /V .
▶ The trade share is simplified as:
βi τij1−σ FOBi1−σ
πij = Pn
1−σ
1−σ
k βk τkj FOBk

(4)

▶ Given the income definition:
Yi = FOBi ei0

(5)

▶ We define δi ≡ βi (ei0 )σ−1 , with ei0 which can be understood as
i’s endowment quantity.
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Exact Hat Algebra
▶ The initial equilibrium is then given by:
δi (τij Yi )1−σ
πij = Pn
1−σ
k δk (τkj Yk )

(6)

▶ Note that Eq. (6) essentially gets rid of local price of
endowment units which we do not have good price data for. δi
is later also eliminated, so we do not need to estimate βi .
▶ In counterfactual equilibrium:
δi (τij′ Yi′ )1−σ
πij′ = Pn
′ 1−σ
k δk (τkj Yk )

(7)

▶ Eqs.(6) and (7) deliver
π̂ij = Pn
k

(τ̂ij Ŷi )1−σ
πkj (τ̂kj Ŷk )1−σ

(8)
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Market-Clearing Condition
▶ The goods-market clearing conditions are
Yi =

n
X

πij Yj

(9)

πij′ Yj′

(10)

j

Yi′

=

n
X
j

▶ This gives:
Ŷi Yi =

n
X

π̂ij πij Ŷj Yj

(11)

i
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Counterfactual Solution
▶ Substituting Eq.(8) in (11) gives us
Ŷi Yi =

n
X

(τ̂ij Ŷi )1−σ
Pn

i

k

πkj (τ̂kj Ŷk )1−σ

πij Ŷj Yj

(12)

▶ Yj and πij are data; τ̂ij are “what-if” known by us.
▶ Since there are N equations and N unknowns, we can solve
the system above, finding Ŷi .
▶ Taking Ŷi to Eq.(8), we can solve for π̂ij .
▶ Estimating σ without over-restricted normalization is difficult.
▶ From the econometric perspective, it is challenging to jointly
identify U at initial equilibrium and σ.
▶ A common practice is to choose σ.
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Closing GE Conditions
▶ Moving to solve for welfare change, we get rid of the local
price term and use what we have from the data:
Pj1−σ =

n
X

βi pij1−σ =

n
X

i

δi (τij Yi )1−σ

(13)

i

▶ The welfare definition or income balance condition:
Yj = Uj Pj

(14)

▶ We have country j’s share of own consumption:
πjj =

δj τjj1−σ Yj1−σ
Pj1−σ

= δj τjj1−σ Uj1−σ

(15)
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ACR (2012) Result
▶ Therefore,

Uj =
▶ δj is exogenous, τjj = 1.
▶ Hence,

πjj
δj τjj1−σ



1
1−σ

.

1

Ûj = (π̂jj ) 1−σ .

(16)

(17)

▶ The welfare prediction depends on only two sufficient
statistics: (1) share of expenditure on domestic goods; (2)
elasticity of substitution (and can be generalize to trade
elasticity under other trade-cost specifications).
▶ This is, in fact, the ACR result (Arkolakis, Costinot and
Rodríguez-Clare, 2012).
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Mixed Complementarity
Problems
方法二
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Mixed Complementarity Problems
▶ The GE conditions can be formulated as mixed
complementarity problems (MCP).
▶ This approach requires us to first “know” β’s (but not really).
▶ We also need to choose σ in order to estimate β’s.
▶ The procedure identifies parameters at initial equilibrium by
making the benchmark price normalization explicit:
FOBi = 1 ∀i

(18)

▶ This essentially chooses the units of local endowment ei0 .
▶ From the exact hat algebra, we know that the price of
endowment unit and quantity are irrelevant in determining
counterfactual equilibrium.
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Mixed Complementarity Problems
▶ This implies that the outcome of β’s identified by any arbitrary
choice of local price and endowment units does not affect
counterfactual equilibrium (under the same GE specification).
▶ This can be verified computationally by shifting the FOB.
▶ Note that the numeraire price needs to be set consistently.
▶ Choosing the estimator, e.g., PPML, Least-Squares, subject to
the same general equilibrium conditions.
▶ CES price index (unit expenditure function):
n
hX

βi (FOBi τij )1−σ

i

1
1−σ

≥ Pj

⊥

Uj ≥ 0

i
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Mixed Complementarity Problems
▶ The explicit market-clearing condition can be solved by
combining Eq. (2) and (9):

ei0

≥

n
X
j

"

Yj
βi
FOBi



FOBi τij
Pj

1−σ #
⊥

FOBi ≥ 0

(19)

▶ The income balance condition:
Uj Pj ≥ Yj

⊥

Pj ≥ 0

(20)

▶ The income definition:
Yi = FOBi ei0

(21)
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Mixed Complementarity Problems

▶ The system formulated above can be solved in a non-linear
program, such as NLP or mathematical programming with
equilibrium constraints (MPEC).
▶ Fix the solved parameters, i.e., βi −→ data.
▶ Free income and price: data −→ variables.
▶ This allows endogenous mechanism to determine
counterfactual equilibrium.
▶ Implement policy instrument, i.e., τij = 1 −→ τij = 1.25.
▶ Identify complementarity variables.
▶ Solve for counterfactual equilibrium.
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EMCP versus Exact Hat
▶ We may denote the full computation procedure as an EMCP
approach (Estimation and MCP).
▶ Using Anderson and van Wincoop (2003) data as an exercise.
▶ It can be verified that the results solved using the EMCP are
equivalent to the ACR and exact hat results.
▶ Both methods “ignore” β’s, benchmark prices and endowment
quantities in some way.
▶ Exact hat elegantly eliminates β’s and prices directly, but one
has to derive the counterfactual formulae.
▶ This can be quite tedious, and sometimes challenging if
choosing more flexible models.
▶ EMCP approach does “estimate” β’s, but does so by choosing
the units and prices.
▶ The choice of prices, e.g., setting to unity, does impact the
outcome of β ′ s, but not the counterfactual equilibrium.
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EMCP versus Exact Hat
▶ This has some sense of “estibration” (Balistreri and Hillberry,
2005), while not fully estibrate, but does “calibrate” model
parameters to one benchmark point, by estimating them using
benchmark data and the choice of other exogenous
information, that is not readily accessible, such that the
general equilibrium system is fully operationalized.
▶ Because the estimation does all the hard work, we do not have
to algebraically invert the model to calibrate the function
coefficients as some work done in the CGE literature, e.g.,
“calibrated share form”, Rutherford (1995).
▶ Both EMCP has some challenges, when choosing more flexible
models. Implicit models are some good examples.
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An Alternative Method
方法三
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An Alternative Method
▶ Derivation of implicit models using exact hat can be difficult:
G=

X
i

e (1−αi )

βi Uj i

(

Lj FOBi 1−αi
)
≡ 1.
Yj

(22)

▶ In this case, Hanoch (1975), utility cannot be isolated and there is
larger parameter space.
▶ Furthermore, it is difficult to identify complementarity variables
because, for example, one single derived functional form represents
both income balance condition and unit expenditure function:
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An Alternative Method
▶ If we parameterize the system to a CES function, then Eq.
(23) will collapse to the income balance condition, but not the
unit expenditure function.
▶ This also makes it puzzling to solve using the conventional
MCP approach.
▶ Alternatively, Yang (2020) uses an estimation approach based
on the MPEC algorithm, and computes for both model
parameters and counterfactuals as in the EMCP.
▶ It takes two solves, one to “estibrate” model parameters that
are identified by the price normalization scheme and the data,
to the benchmark equilibrium, while other parameters
identified invariant to normalizing constants.
▶ The second solve takes care of the counterfactual calculation.
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An Alternative Method
▶ The MPEC embeds an MCP, so it is suitable to estimate the
general equilibrium relationship.
▶ It solves the problem by treating a parametric derived from the
NLP problem fixed, while setting initial benchmark by
constraining the likelihood of the objective function, such that
J (F , α, e) ≡ J 0 (F , α, e) with the choice of numeraire.
▶ J is the estimated value of the objective function.
▶ While the complementarity theory is a discipline of
mathematical optimization, the MCP does not carry a visible
objective function.
▶ Nonetheless, shifting independent variables before and after
the counterfactual equilibrium in fitting to the same data on
dependent variable must have different likelihood values.
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An Alternative Method

▶ The procedure essentially calibrates to the benchmark model
by calibrating to the likelihood at initial equilibrium.
▶ In the second solve, release its restriction to the likelihood,
while freeing model variables, compute the counterfactual
equilibrium directly after the exogenous shocks.
▶ J 0 (F , α, e) −→ J 1 (F , α, e)
▶ data −→ variables
▶ τ ≡ [τij ] −→ τ ′ ≡ [τij′ ]
▶ It can be shown that results are equivalent to MCP and DEK.
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Concluding Remarks
▶ Why do we do want to do this?
▶ Economic models are becoming more and more complex.
▶ Computational expense, however, is becoming lower.
▶ Not every model is (easily) solvable by hand.
▶ Not every model has a clear intuition on complementarities.
▶ Not everyone needs to “fit the data to (large) models”.
▶ It should really be the other way around.
▶ In this approach, one only needs to know the primal functional
form of GE conditions.
▶ Other approaches rely largely on computations anyway.
▶ If we can show that the results with relatively less efforts can
produce the same results, and are consistent with the theory,
we should consider using it.
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Thank you (please send
additional comments and
questions to
anton.yang@yale.edu)
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